The existing definitions of mixing angles (one-loop radiatively corrected and renormalization-scale-independent) for scalar particles turn out to be gaugedependent when used in gauge theories. We show that a scale-and gaugeindependent mixing angle can be obtained if the scalar self-energy is improved by the pinch technique, and give two relevant examples in the Minimal Supersymmetric Standard Model: the mixing of CP-even Higgs scalars and of top squarks. We also show that the recently proposed definition of mixing angle that uses the (unpinched) scalar two-point function evaluated at a particular value of the external momentum [p 2 * = (M 2 1 + M 2 2 )/2, where M 1,2 are the masses of the mixed particles] computed in Feynman gauge coincides with the gaugeinvariant pinched result. In alternative definitions (e.g. in the on-shell scheme), the improved Higgs mixing angle is different from that in Feynman gauge. An arbitrariness of the pinch technique for scalar particles is also discussed.
Introduction
The mixing among fermions with the same quantum numbers is a very important aspect of the Standard Model (in the quark and neutrino sectors). In this paper we focus on the mixing of scalar particles, that will play a similarly important role if the world is supersymmetric at low-energy. In particular, the Minimal Supersymmetric Standard Model (MSSM) [1] accommodates two main examples of interest: the mixing among Higgs bosons (of the two CP-even scalars if CP is conserved; of three states if CP-violation in the Higgs sector is important) and the mixing among squarks (with the case of stops being the one where such effects are expected to be larger). Both cases are sensitive to the large top Yukawa coupling and radiative corrections to the mixing matrices are significant.
There have been several proposals for the renormalized mixing matrix of scalar bosons, which are both independent of the renormalization scale (unlike what happens in the MS scheme), and do not rely on the specific process considered. One is the onshell scheme [2] . Another was recently proposed in Ref. [3] . In both schemes (discussed in more detail in section 2) the counterterm for the mixing matrix is constructed from the off-diagonal self-energies Π ij (p 2 ) of the scalar bosons. Unfortunately, the on-shell scheme was shown to be dependent on the gauge fixing parameters ξ in general R ξ gauges [4] (the same happens with the on-shell fermion mixing matrices [5, 6] ). This is also the case for the latter scheme [3] as we show in section 2.
One way of avoiding this difficulty is to apply a procedure to build gauge independent self-energies, so that the counterterm of the mixing matrix, given in terms of these improved self-energies is automatically gauge-independent. We perform this improvement by using the well known pinch technique [7, 8, 9] . In section 3 we carry out this program for the stop sector, while in section 4 we do the same for the (CP-conserving)
Higgs sector, after showing explicitly the gauge-dependence of Higgs self-energies in R ξ gauge. In both cases we arrive at an improved definition (either in on-shell or p * scheme) of mixing matrices (or, equivalently, mixing angles) that are not only scale-and process-independent but also gauge-independent. There is however some arbitrariness regarding the inclusion of some pinched contributions in the improved self-energies.
This problem is addressed, by using the background field method, in section 5 where we arrive at a prescription to determine what contributions to include in the pinched self-energies. A brief summary and our conclusions regarding the prescription to obtain gauge-independent mixing angles are presented in section 6.
2 Scale-independent renormalization schemes for the mixing matrix of scalars
In this section we review two schemes for the renormalization of the mixing matrices of scalar particles that are independent of the renormalization scale Q, and show that both of them are generally dependent on the gauge fixing parameters. We first consider the running of the mixing matrix of n real scalar particles, in the MS (or DR for supersymmetric theories) renormalization scheme. It is assumed that these particles do not mix with massive gauge bosons. The generalization for complex scalars is straightforward.
Let φ α (α = 1, . . . n) be real scalar fields in the gauge eigenstate basis, related to the bare fields φ α0 by
(Unless otherwise indicated, sum over repeated indices is always understood.) The running mass matrix M 2 αβ , related to bare parameters and counterterms by
is diagonalized by a real orthogonal mixing matrix R as
(with no sum over i). The relation between the gauge eigenstates φ α and the mass eigenstates φ i , with (running) masses m i , is then expressed as
with R iα R iβ = δ αβ and R iα R jα = δ ij .
The Q-dependence of the running mixing matrix R iα is determined from the i = j parts of Eq. (3). Using
where
In this expression β 0 ij and γ ij are obtained from β 0 αβ and γ αβ , respectively, by rotating with R. For R to be orthogonal at any Q, X ij must satisfy X ij + X ji = 0, as is realized in Eq. (8) .
Although the MS (DR) running mixing matrix is simple, it is often convenient to introduce an effective mixing matrix that is independent of the renormalization scale Q.
In addition, to be independent of specific processes that involve φ i fields, it is desirable to construct the counterterm δR using the self-energy Π ij (p 2 ), after discarding the absorptive part. Here we show two examples of such schemes for the case of two mixed particles (n = 2; in this case, R iα is parametrized by one number, the mixing angle).
The first example is the on-shell scheme [2] , where δR is fixed to absorb the antihermitian part of the wave function correction δZ ij for external on-shell particle φ j .
Its relation to the running R is
The bare one-loop two-point functions Π αβ0 (p 2 ) are in general ultraviolet (UV) divergent. In the MS (DR) scheme, this divergence leads to a dependence on the renormalization scale Q of the renormalized two-point function Π αβ (p 2 ) given by
To show this, relate the renormalized one-loop inverse propagator Γ αβ (p 2 ) to the bare inverse propagator Γ αβ0 (p 2 ) to get
From the condition that the bare inverse propagator Γ αβ0 (p 2 ) should be Q independent, and using (5) and (6), equation (10) follows. Now, using Eqs. (10) and (7), R OS is shown to be Q independent.
More recently, Ref. [3] proposed another definition of mixing angle as the one that appears in the rotation that diagonalizes the effective mass matrix (for n = 2),
This mixing matrix is
Using Eqs. (10) and (7), it is seen that [R(
A scale-independent renormalized mixing angle (p * -scheme) is then given by the elements of [R(p
In gauge theories, individual vertex functions generally depend on the gauge fixing, while the total corrections to physical quantities (masses, cross sections, etc.) and the gauge-symmetric MS (DR) parameters should not. It is therefore necessary to examine the gauge dependence of the scale-independent mixing angles defined above. Working in R ξ -gauge, the dependence of Π ij (p 2 ) on the gauge parameter ξ is given by the Nielsen identity [10, 11] ,
where Λ ij (p 2 ) are some one-loop scalar functions. This identity is crucial to show that pole masses are gauge independent and can be used to study also the gauge-dependence of mixing angles. In both the on-shell and the p * -schemes, the ξ dependence remains in δR, implying gauge dependence of these schemes. More precisely, one gets
for the on-shell mixing matrix and
for the p * -scheme (in general, Λ is not a hermitian matrix). The gauge dependent parts of δR are UV finite [4, 6] and numerically rather small, but not satisfactory from the theoretical point of view.
Nevertheless, we may modify these scale-independent mixing angles to be gauge independent. This is done by splitting the gauge-dependent parts from the off-diagonal self-energies Π ij (p 2 ) by a definite procedure, and then using the remaining, gaugeindependent parts for the definitions (9) and (13) . In the following two sections, we perform such modification for two cases in the MSSM, adopting the pinch technique:
the left-right mixing of stops and the mixing of two CP-even Higgs bosons.
Mixing angle of top squarks
The gauge eigenstatest α = (t L ,t R ) of scalar tops mix with each other to give the mass eigenstatest i (i = 1, 2). Their relation is given byt i = Rt iαt α with the left-right mixing matrix
We first consider the gauge dependence of the scale-independent renormalization of the left-right mixing angle of the top squarkst in general R ξ gauges, and later on discuss its improvement by the pinch technique.
The unrenormalized two-point function Πt ij (p 2 ) is gauge dependent. Its dependence on ξ Z and ξ W , expressed as the difference from the Feynman gauge result [12] , takes the following form [4] 
Here g
, with g 1 and g 2 the gauge coupling constants of U(1) Y and SU(2) L respectively and we have defined the quantities (Rb iα is the mixing matrix of sbottoms)
the functions 
shown.
and the loop integrals
The Feynman diagrams that cause the gauge dependence of stop self-energies are depicted in Fig. 1 . Although this figure shows only the diagrams that introduce a ξ Z dependence, the ξ W -dependent ones are quite similar. We do not treat the ξ γ and ξ g dependences since they are irrelevant for the renormalization of the mixing angle.
In addition, one should include the gauge-dependent shifts of the vacuum expectation values (VEVs) v α of the two Higgses by tadpole graphs, for the gauge-independent renormalization of the VEVs [4, 13, 14] . The final result, given by Eq. (18), satisfies the Nielsen identity (14) .
The two definitions of the scale-independent renormalized θt given in section 2 are gauge dependent, as can be shown by direct substitution of (18) in (9) or (13) . In more detail, for the on-shell scheme, although
one has (and a similar equation for the W contribution); while for the p * scheme, again
goes well, but
even if it gets "closer" than (26) When the stop self-energies are embedded in the calculation of some cross-section at one-loop, we know that their gauge-dependence should be cancelled by other oneloop contributions to the same process. Processes with external on-shell stops were discussed in [4] . Here we consider a more general case with off-shell stops. To avoid complications due to the mixing of external particles, we use the scattering amplitude of tg → tg with s-channel stop exchange. In this particular case, the gauge dependence of the self-energy corrections just discussed must be cancelled by that of the vertex and box corrections (Fig. 2) . The so-called pinch technique [7, 8, 9] extracts "propagator- 
where q is the momentum of the virtual Z, and q i is the momentum of the incoming top quark. The q /-independent operator (m t − q / i ), moved to the right until it acts on the wave function of the external top, gives zero or something proportional to m t depending on the operators that stand on its way. In the first term of (29) the internal top propagator has been cancelled giving rise to a pinched contribution. Figure 3 represents the pinched parts of the diagrams in Fig. 2 , with the internal propagator of the top quark pinched. The improved self-energies Π P ij (p 2 ) that include these pinched terms are then gauge independent, do not modify the position of the poles and are process independent.
Some pinch contributions come from the (1−ξ V )q µ q ν parts of the gauge boson propagators. The contribution from vertex corrections (including wave function corrections of external on-shell fermions, see Fig. 4 ) is
In addition, the pinched box contribution is
Adding to the original self-energy (18) the pinched contributions (30) and (31), the gauge dependence exactly cancels and the improved pinched self-energies, as well as the improved scale-independent mixing angle θt, are equal to the simple ξ = 1 results in the conventional calculation:
This is consistent with previous results [4] for general on-shell scalar particles (other than Higgs bosons).
However, there is another possible source of longitudinal momenta for pinching: the momentum-dependentt * t Z (andtbW ) couplings in Fig. 2 . More explicitly, the factor
that also gives a pinched contribution. [The q /-independent operators (m t + q / i ) and (p / − q / i ) do not induce further pinching.] This type of additional pinch operation is known to be necessary to obtain gauge-independent self-energies for the Goldstone bosons in the Standard Model [9] . Notice that now this pinched contribution does not depend on ξ Z,W . Therefore, applying this additional pinching, the resulting improved self-energy is then different from the ξ = 1 result by
This might be regarded as a novel kind of arbitrariness of the pinch technique in theories with many scalar fields.
It is easily seen that this additional term (34) does not affect the cancellation of the divergent correction to the mixing angle in the schemes in section 2 [see eqs. (25) and (27)]. Also, when applied to the gauge boson exchange contribution to the e + e − →tt * amplitudes, it is seen that the decomposition of the (ttZ,tbW ) vertices does not produce any additional contributions to be added to the gauge boson self-energies. It is therefore not clear whether or not this type of pinching should be applied in this particular case.
We will go back to this problem in section 5.
We finally address the modification of the scale-independent mixing angle by the pinch technique rearrangement. Substituting the forms of the pinched corrections, Eqs. (30) and (31), into the counterterms in Eqs. (9) and (13), it is amusing to note that the p * -scheme is not affected by the vertex contribution, while the on-shell scheme is not affected by the box contribution. An interesting point of the p * scheme is that it is insensitive to the arbitrariness in the treatment of scalar-scalar-gauge vertices in the pinch operation. In particular, if the pinched term (34) is added to the stop self-energies then the p * definition of a scale-and gauge-independent mixing angle for stops is not affected (with respect to the naive ξ = 1 result) while the on-shell definition should be modified to take into account the effect of the contribution (34).
Mixing angle of CP-even Higgs bosons
The two CP-even Higgs scalars η α ≡ √ 2ReH 0 α − v α (α = 1, 2) in the MSSM mix with each other [1, 16] to form the mass eigenstates h i = (H 0 , h 0 ). They are related by a rotation matrix R as
The scale-independent renormalization of the mixing angle α, along the lines explained in section 2, inherits the gauge dependence of the self-energy Π h ij (p 2 ). In this section, we perform the improvement of Π h ij (p 2 ) by the pinch technique. In contrast with the case of scalar tops, the improved self-energies differ from the conventional ξ = 1 results, as is the case of the Higgs boson self-energy in the Standard Model [15] . We note in passing that the gauge-independent Higgs self-energies are useful not only for a proper definition of a scale-independent Higgs mixing angle α, but also for the treatment of s-channel resonant production of (h 0 , H 0 ) at photon [17] or muon [18] colliders.
Following the previous analysis in [15] , we consider ff → f ′f ′ scatterings mediated by the CP-even Higgs bosons. Working in R ξ gauge, we obtain that the Higgs boson self-energies depend on the gauge parameters through the following expression
where f and g have been defined in Eqs. (21, 22) and we have introduced the operators
Notice in particular that these operators satisfy O
(1) wave function corrections):
and from box correction diagrams
+ 2g
Comparing to Eq. (37) (6) and (7), is necessary to obtain gauge-independent self-energies, as in previous studies of the self-energies for massive gauge bosons and their Golstone modes [9] , as well as the Standard Model Higgs boson [15] . This type of pinching generates additional contributions to the Higgs self-energies:
As a result, the modified self-energies become ξ-independent, but different from the ξ = 1 form (unlike what happened for top squarks in section 3) by
Although all the gauge dependence is now cancelled, the improved self-energy has one unsatisfactory property. The anomalous dimensions of h i determined by the pinched self-energy Π h ij + ∆ P Π h ij are not diagonal in the gauge eigenbasis η α , and this might cause problems in renormalization.
We now consider the last possible source for pinching: the A 0 -Z-h i and H ± -W ∓ -h i vertices in vertex corrections [Figs. 6 and 7] . As in the case of top squarks, there is an arbitrariness regarding whether or not to perform the pinching by these momenta.
Since the additional pinch terms are gauge independent, it looks unnecessary to include these contributions. However, if one includes them, the resulting self-energies are
and the anomalous dimensions then become diagonal in the gauge basis. Moreover, these modified anomalous dimensions match with the running of the Higgs VEVs v α in the ξ = 1 gauge: the discrepancy between the runnings of η α and v α [19, 20] is cancelled by the additional term in Eq. (44). We therefore conclude that Eq. (44) gives a form of the gauge-independent self-energies that should be preferred. In the next section, these nice features of the self-energies (44) are explained in the framework of the background field method.
It is quite reasonable to adopt the well motivated definition of the Higgs self-energies given by Eq. (44) to compute scale-independent Higgs mixing angles that are also gauge-independent (as explained in section 2). As was discussed at the end of the previous section for the case of the mixing angle between stops, in the p * scheme this modification of the self-energies does not affect the definition of the mixing angle (it is the same as computed from the non-pinched two-point function in the ξ = 1 gauge).
In contrast, the scale-independent definition in the on-shell scheme gets additional corrections from the new terms in Eq. (44).
Relation to the background field method
It has been shown [21, 22] that the self-energies of gauge bosons improved by the pinch technique can be obtained as a special ξ = 1 case of the background field method [23] . This relation also holds for the self-energy of the standard model Higgs boson [15] . In this section, we consider the background field method in theories with many scalar fields, such as the MSSM, and show that the arbitrariness of the treatment of the scalar-scalar-gauge vertices in the pinch technique, discussed in previous sections, corresponds to the arbitrariness in the choice of the gauge fixing function.
In the background field method, one first splits the gauge bosons V a µ (a is the gauge group index of the adjoint representation) and scalar bosons Φ I (I denotes one gauge multiplet) into background (with hat) and quantum (without hat) fields, as
The splitting of fermions is trivial and not shown here. When the scalar bosons have nonvanishing VEVs, these are assigned to the background fields Φ I . (In other words, quantum fields have no VEVs.)
The essential point of the background field method is a clever choice of the gauge fixing function F a ,
where T (I)a is the group generator for Φ I . This is a natural extension of the usual R ξ gauge fixing and manifestly keeps local gauge invariance for background fields. Note that we have to set ξ Z = ξ W = ξ γ to preserve the SU(2)×U(1) gauge symmetry.
The one-particle-irreducible vertex functions, given by the loops with external background fields, then satisfy the naive, tree-level-like Ward-Takahashi identities [21, 22, 23] . In the standard model, the background field method with ξ = 1 gives the same one-loop self-energies and vertex functions as the pinch technique [15, 21, 22] .
This result can be understood by observing that the change of the propagators and three-point functions, in going from the conventional R ξ to the gauge in Eq. (46), corresponds to the splitting of longitudinal momenta for the pinching.
In applying the gauge fixing (46) to theories with many scalar fields, like the MSSM, there is one novel source of arbitrariness which is irrelevant for the standard model. The gauge fixing function F a should include the scalar fields which have gauge-symmetrybreaking VEVs, exactly as in (46), to cancel the mixing of gauge and scalar bosons.
However, one may also include scalar fields with no VEVs into (46) . Unlike what happens in the conventional R ξ gauge, this inclusion causes a nontrivial change of the Feynman rules in the scalar-scalar-gauge vertices. If a scalar field φ is not included in
On the other hand, if φ is included in F a , the same vertex becomes proportional to 2p µ . Compared to the calculation in sections 3 and 4, it is clearly seen that this modification just amounts to the additional pinching by the momentum from the φ * φV µ gauge vertex. In the rearrangement of loop corrections by the pinch technique, consequently, the momentum in the φ * φV µ gauge vertex, with one φ not carrying loop momentum, should be used for pinching if and only if φ is included in the gauge fixing function F a .
In the MSSM, all sources of gauge symmetry breaking can be put together into one "standard-like" scalar doublet,
which contains a combination φ SM = cos(α − β)H 0 − sin(α − β)h 0 , the Goldstones G + , G 0 and the VEV:
The minimal choice for the background gauge fixing is to include only the above H SM there are no sources of discrepancy between the runnings of η α and v α . We therefore conclude that, in using the pinch technique for the MSSM, we should decompose all
Higgs-Higgs-gauge vertices for the pinching.
We finally comment on the same kind of arbitrariness in the stop self-energies discussed in section 3, due to the possible additional pinching by momenta in thẽ t * t Z andt * b W couplings [Eq. (34) ]. It is now evident that this arbitrariness exactly corresponds to that of including or not squarks into F a in the background field method.
In contrast with the case of the Higgs bosons just discussed, we could find no theoretical arguments for the inclusion of squarks in the gauge fixing function. Therefore, for simplicity, we prefer not to use for pinching the momenta in the scalar-scalar-gauge couplings, except for the Higgs bosons.
Summary and conclusions
In this paper we have shown how to improve existing definitions of mixing angles for scalar particles that are renormalization-scale and process-independent to make them also gauge-independent. This we achieve by applying the pinch technique in order to obtain gauge-independent self-energies from which gauge-independent mixing angles are obtained. Further assistance from the background field method was required to sort out some arbitrariness (that the pinch technique by itself could not resolve) concerning what pinched corrections to include.
We applied this procedure to two particular cases in the framework of the Minimal Supersymmetric Standard Model where such improvement will be relevant: the mixing of top squarks and of Higgs bosons. From our one-loop calculation of the pinched contributions to the self-energies in R ξ gauge we conclude the following.
For the stop sector, we advocate a simple self-energy improved by pinching that exactly coincides with the unpinched self-energy evaluated in Feynman gauge. The prescription for a scale-independent stop mixing angle that is also gauge-independent is therefore to use either the on-shell [2] or p * scheme [3] with the usual (unpinched) self-energies in Feynman gauge.
For the Higgs sector, the self-energy improved by pinching does not coincide with the unpinched self-energy in Feynman gauge but contains additional pinched terms. In the on-shell scheme, these new terms modify the counterterm (9) of the mixing angle from the form in Feynman gauge. In contrast, these new terms vanish in the p * scheme and therefore, in that scheme the gauge-independent definition of the Higgs mixing angle is again obtained from the unpinched self-energies in Feynman gauge.
